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Abstract
We introduce a notion of polygons and Jordan curves. We then prove certain results on
finite collection of polygons and some Jordan-like results in the same setting. We then use these
results to provide a proof of the Jordan Curve Theorem.
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In this paper, we provide a proof of the classic Jordan Curve Theorem. This is one of those
theorems that is very simple to state and understand but notoriously difficult to prove. The first
proof was given by Jordan ([1]), and since then there have been many other proofs.

Most of the first half of this paper is spent on some results on finite collection of polygons which
are then used to prove the Jordan Curve Theorem. Throughout we will identify a map with its image.
It is assumed that the reader is familiar with basic real analysis and topology.

A Jordan curve is a homeomorphic image of S in R?. An arc is a homeomorphic image of [0, 1]
in any R™, while a Jordan arc is an arc in R?. A path is any continuous image of [0, 1] in any R",
although we will mostly be confined to the plane.

A polygon P is a Jordan curve that is piecewise linear i.e., a map P: S' — R? with finitely many
points in S! between which P is a line. Similarly, we define a polygonal arc.

Given a polygon P, let V(P) = {v1,...,v,} be a minimal set such that P restricts to a line
between v;,v;11,¢ = 1,...,n where v,41 = v;. By minimality, the two lines at v; must be non
parallel. The points in V' are called the vertices of P, and the lines are called the edges of P.

Let P ={P,...,P,} be a finite collection of polygons. We define the finite set of “new vertices”
V(P) to be the set that contains

M V(Pl)7z = 17...,’[7,.
« Points of intersections of non parallel edges from different polygons in P.

An edge of P refers to any edge of any P € P. Given v € V = V(P), take an open ball around v
disjoint from other points of V', and edges that don’t contain v. Such a ball, called the zone of v,
exists because both V and the set of edges of P are finite. Edges that pass through v induce a radius
(or diameter) in the zone of v.

Two radii are adjacent if there is no other radii between them in at
least one orientation (i.e., clockwise or anticlockwise). By the choice
of U,U NP contains only radial lines. Similarly define a zone for
v & UpepP \ V(P) by avoiding all points in V' and edges not passing
through v. This time, there is only one diameter in U as only overlapping
edges of the P; pass through v.

Suppose C1, Cy are compact subsets of R2. The distance d between
C1, Cs refers to the minimum attained by the distance map (which is
continuous) on Cy x Cs. It is zero if and only if C; N Cy # (), and when
d # 0, an open ball of radius d (or less) around any = € Cy does not
intersect Cs.

Figure 1: Zone

2 Jordan curve theorem for polygons

In this section we prove that if P is a polygon, then R? \ P has two components, one bounded and
the other unbounded, both having P as their boundaries.

2.1 Parity function

Let P be a polygon and f be a direction not parallel to any of the edges in P. Since there are finitely
many edges, such an f always exists. Because rotation is a linear homeomorphism, sending polygons
to polygons, we may suppose that f is along the positive z-axis. We will now define a parity function
n: R?2\ P — {0,1}.

The zones at each point of P have two sectors given by non parallel radii at vertices, and a
diameter at non vertices. For z ¢ P, take R, to be the ray (half-line) originating at x parallel to f.
For each p € R, N P, we define a contribution ¢(p) to n to be 1 if R, intersects both sectors in the
zone of p and 0 otherwise. Define

n(x) = Z ¢(p) mod 2.

pERLNP
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Here the empty sum is taken to be 0. The sum is finite because R, is not parallel to any edge of P.
Note that if p is not a vertex, then its contribution(see Figure 2) is 1, and if p is a vertex, it is 1 if
and only if the edges at p lie on both sides of R,.

1
17\
Figure 2: Zones and their contributions

Lemma 1. The parity function constructed above is locally constant.

Proof. Take x = (a,b) ¢ P and 7 to be the projection onto the y-axis. Suppose R, N P = {.
Consider the closed set P, = PN {(c,d) € R?|c > a}, then m(P,) doesn’t contain b, hence there
is a neighbourhood (b £ 6) disjoint from 7(P,). It follows for p sufficiently close to x with 7(p) €
(b£4),R, NP =10, so n is identically zero in a neighbourhood of x.

Suppose R, NP = {ay,...,an}. In the zone of a;, the edges of P induce two radii, neither of
which is parallel to the z-axis. Projecting both to the y-axis we get two positive lengths, of which r;
is the smaller one. Take r = min{ry,..., 7, }.

Next, let n be the smallest y-length of the edges of P. Since no edge is parallel to the z-axis,
n > 0. Lastly, let 6 > 0 be such that B(x,d) N P = . Now, shift the line R, vertically within
e = min{r,n,d} of the original to get a ray R., i.e., R., is the half-line parallel to positive z-axis
originating from a point (a,b’) with [0’ — b| < e. When comparing R/, N P with R, N P, by the choice
of r, we see that (see Figure 2)

 If a; is not a vertex, then it is replaced by another non vertex

o If a; is a vertex that contributes 1 to n(z), then it is replaced by a non vertex

o If a; is a vertex that contributes 0 to n(z), then either it is replaced by two non vertices or removed
altogether

So this was about the edges that both R, R, intersect. Now, suppose R/ was shifted upwards to
y = b’ and intersects an edge e that R, did not.

It follows that e lies above the line y = b. Let v be the lower vertex of e and €’ the other edge of
v. Let N be the union of R,, R/, and the vertical line segment [ from (a,b) to (a,b’). Observe that
N divides the plane into two parts.

Since e touches R/, but not R,,v is either inside N or on its boundary. Note that e, e’ cannot
intersect [ because it lies in U = B(z,€). Since € < 1, the other vertex of ¢’ must be outside N. If
e’ doesn’t intersect R, R, then it intersects ! as the other vertex is outside N. Thus, either R,
intersects e’ or R/, intersects e’.

If R, intersects €', then by the choice of r, N cannot contain v. Thus, e’ intersects R/, but not
R,. So, e, ¢’ together contribute 0 to n, by two non vertices or by v. Note that the lower vertex for
€’ is also v, so the edges that R/ intersects but not R, come in pairs.

So, n doesn’t change under this vertical shift. Since every point of U is obtained by a vertical
shift followed by a horizontal shift from z, and n remains invariant under these perturbations (by
choice of €), it is constant on U. The parity doesn’t change under horizontal shifts because, by the
choice of §, the intersection points do not change. O

Lemma 2. Parity function is surjective.
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Figure 3: Parity is invariant under small vertical shifts

Proof. Let p be a point on some edge e of P that is not a vertex. There are two sectors in the zone
of p. The parity for points in those sectors differ by 1 because the horizontal ray passes through an
extra edge, namely e, which contributes 1. O

As a consequence of the lemma, any small neighbourhood around non vertices has points of both
parity. It follows that R? \ P is disconnected.

2.2 Two components

The following is taken from [2]. At each point p € P, we have a zone U, from which we get a finite
subcover, say Uy, ..., U,. Each U; has two connected sectors, say U/,U!. Label the sectors so that

UL NUL, #0and U/ N UL,y # 0.

Then the unions Uj U---U U/}, U{ U---UU/ are connected sets and from any p ¢ P, there is a line
from p to one of these sets that doesn’t intersect P (draw the line from p to any edge and look at
the first time it meets P). Thus, R? \ P has at most two components, hence exactly two components.
Since n is continuous, the components are given by n=(0),n=1(1).

Of these, n=1(0) is unbounded for we can enclose P in a rectangle whose outside remains connected
after removing P and is part of n=1(0), whereas n~!(1) is inside, hence bounded.

As a consequence of the lemma above, all points of P other than the vertices lie in the boundary
of both components. Since boundary is closed, both components have P as their boundary.

Thus, R? \ P has two components, the bounded “inside” i(P) and the unbounded “outside” o(P)
with P as their common boundary. Keep in mind that the components do not depend on the choice
of the ray used to compute parity because they are independently defined as path components. To
determine if x ¢ P is inside or outside, we may choose any convenient ray and check whether the
parity is 0 (outside) or 1 (inside).

Given a collection of polygons P outside of P refers to Npepo(P) and inside refers to Upepi(P).

2.3 Approximations

Lemma 3. Suppose U is an open set in R™ and J: [0,1] = U a continuous path, with J(0) # J(1).
Let € > 0 be given, then there is a polygonal arc P: [0,1] — U with P(0) = J(0), P(1) = J(1) such
that every point of P is within € of some point of J.

Proof. For every x € J,3u, > 0 such that B(z,2u,) C U. From the cover {B(x, ft5)}zcs obtain
a finite subcover {B(x1,11),..., B(Zm, pm)} and let p = min{puq,..., . Given any x € J, if
x € B(xy, p1), then B(z,u) C B(z1,2m11) CU.

We may take € < p. By uniform continuity of J, choose N such that

|t1 —t2| < 2/N = |J(t1) — J(t2)| < €.
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Take J(0),J(1/N),...,J(1) and draw line segments between consecutive points to get a piecewise
linear path from J(0) to J(1). Observe that some of these lines may be degenerate because it is
possible that J(+) = J(), but J(0) # J(1), so P is not altogether degenerate.

For 1 <i < N,
i—1 i i—1 i
() ()<= () <o (5))

so the line between them is in B(J(%),€) C U by the choice of € < p.

Thus, every point on the resulting union of lines is in U and within € of some point of J. Next,
replace any two overlapping lines by their union, this way the lines intersect at only finitely many
points. Remove the loops as we go from J(0) to J(1) along the union of lines. Since there are finitely
many loops (finitely many intersection points) this process terminates.

We will be left with a polygonal arc, i.e., a Jordan arc, P C U such that every point of P is
within € of some point of J and ends of P are the ends of J. It is easy to obtain P as an injective
image of [0, 1] using piecewise definitions. O

Corollary 1. If P is a polygon and J C i(P) (or J C o(P)), then there is a polygonal approzimation
of J within given € > 0 that lies in i(P) (o(P)).

Corollary 2. Given U open in R", if it is connected, then it is path connected, so arc connected. In
particular, for a polygon P,i(P),o(P) are arc connected.

Proof. Given z € U, let S, be the path component of z. One can show that S, is a non empty
clopen set, therefore S, = U. The rest follows from Lemma 3. O

Corollary 3. For a polygon P, given x,y € i(P), there is a polygonal arc between them which lies
entirely in i(P), except possibly at the ends.

Proof. For x € P there is a straight line from z to a point &’ € i(P) that, except for z, lies in i(P).
Similarly obtain a point y’ € i(P) for y. Using Corollary 2, obtain a polygonal arc from z’ to 3’. We
get the required polygonal arc by joining these paths. O

3 Some results about polygons

Let P ={P,...,P,} be a collection of polygons, V =V (P). For v € V, let U be a zone. The edges
of P determine some radii in U which then determine open sectors between adjacent radii. These
sectors remain connected in the complement of P and are either inside or outside P.

We say that v is a regular vertex if for every component outside P, there is at most one sector
that intersects it, otherwise v is singular. This notion doesn’t depend on U as long as it has it is
disjoint from other points of V' and edges that v doesn’t lie on, i.e., as long as U is a zone of v.

When v is not a vertex, its zone has just a diameter, and one of the sectors lies in some i(P;), so
non vertices are always regular. We say that P is regular if all points in P are regular.

Polygons P, @ are said to have shallow intersection if i(P) Ni(Q) = 0. The collection P is said to
have shallow intersection if i(P;) Ni(Py) = 0, Vj # k. In this case, no edge of P; goes into i(P;) for
any j. The union i(Py)U---Ui(P,) is said to be a shallow union when P has a shallow intersection.

Theorem 1. Let G be a graph. If every vertex of G has degree 2, then G is a disjoint union of
cycles.

For a proof see [5].

Theorem 2. Let P,Q be two polygons, V.= V({P,Q}). Suppose P ¢ i(Q),Q ¢ i(P). Then
I(P)Ui(Q) is a shallow union i(Ry)U---Ui(R,y,) for some polygons Ry, ..., Ry, whose vertices come
from V' with edges subsegments of the edges of P, Q.

Lemma 4. With the setting as above, let v € P U Q, then its zone has at most 4 sectors and no two
of them are in the same component of i(P) \ i(Q).
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Proof. The zone U of v has at most 4 radii - two each from P, and therefore at most 4 sectors.
Suppose a sector S bounded by rq, 9 is in i(P) \ i(Q) = i(P) No(Q). Because r1, 75 come from P, Q
the sectors adjacent to S cannot be in i(P) No(Q). For example, if r; is from P, then the other side
of r1 is in o(P). Therefore, if U has 2 or 3 sectors then at most one is in i(P) \ i(Q).

We are left with the case when U has four sectors two of which are in i(P) N o(Q) (by the
discussion above, it is at most two). This can happen only when the radii from @ and the sector
corresponding to () are in the sector corresponding to i(P). L

Suppose the two sectors Sy, Sy are in the same component R of i(P) \ i(Q), then there is a
polygonal path from a point in S; to one in Ss lying entirely in R, hence in i(P). Shrinking U if
necessary, we can take these points to be on the boundary circle of U and the path to lie outside U.
Extend this path to a polygon P using radii in Sy, So. We have o(P) C o(P) because P C i(P)U {v}.
Given x € P, there is a path from z to any y € o(P) lying outside P, hence outside P. Therefore,
x ¢ i(P). Tt follows that P\ {v} C o(P). We then conclude that i(P) C i(P) because given z € i(P),
there is a path to a point y € P\ {v} which doesn’t intersect P.

S
i Figure 4: In the adjacent figure we use lower case letters to in-
dicate sectors inside polygons, product to denote intersection
and prime to denote outside.
2

Since PN Q = {v} and both edges at v from @ are inside P, by connectedness of (), we have

Q C i(P) Ci(P) which is a contradiction. Therefore, Sy, So are in different components. O

Proof of Theorem 2. Step 1:

Let R be a component of i(P) \ i(Q). Given z € OR we must have x € PUQ and if x € i(P),
then = € Q. Note also that (PUQ)N R = (. Let U be a zone of z.

Because x € OR, exactly one sector of U is contained in R and the radii 1,72 bounding it are in
OR. If x ¢ V, then r; || r2 and an open segment [ around x is part of 9R. When [ is maximal, its
ends are in OR and must be in V' as otherwise we can extend [. If z € V, then rq || rs.

Thus, JR is a union of line segments with ends in V. At these points there are exactly two non
parallel line segments that are part of R, therefore OR is a graph with vertices from V' of degree 2.
By Theorem 1, R is a union of disjoint cycles which, in this case, are polygons. Note that if P’ is
one such boundary polygon, then one of the sectors at every point of P’ is in R.

Step 2:

Suppose R has more than one polygon and that R lies in 0o(Q;) for some boundary polygon Q.
Since R is bounded, Q1 must be inside i(Q3) for a boundary polygon Qs with R C i(Q2).

Any path from o(Q2) to i(Q1) must pass through R as it passes through a point in ¢ and both
sectors in its zone, one of which is in R. So o(P) Ni(Q1) = 0 because o(P) No(Q2) # 0.

The edges of Q1 are subsegments of edges of P, Q) and the “outer side” has points from R, hence
from i(P). Because i(Q1)No(P) = 0, these edges cannot involve edges of P. Therefore all edges of Q4
must come from @, giving @1 = Q. But this means Q2 = P and @ C i(P) (because Q C R C i(P)
and @ N P = () which is a contradiction.

Thus, R is inside its boundary polygons and by connectedness there is only one polygon.

Step 3:

So the components of i(P) \ i(Q) lie inside their polygonal boundaries whose vertices come from
V. Since V is finite, there can be only finitely many polygons, say Ry,..., R;,—1. The inside regions
of R;, R; cannot intersect for i # j because they would then describe the same component. By
construction of R;, the inside regions of R;, Q) cannot intersect. Set R,, = @, then the collection
{R1, ..., Rp} has shallow intersection.

Tt is clear that i(P)Ui(Q) = i(Ry)U---Ui(R,,) and that the edges of R; are subsegments of the
original edges. O
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In the proof, we partitioned i(P) \ i(Q)) into polygonal regions we call this the reduction of P by
Q.

Theorem 3. Let Py, ..., P, be a collection of polygons, V.=V ({P1,...,P,}). Suppose P; ¢ i(P;) for
1# 7. Then i(Py)U---Ui(P,) is a shallow union of i(R1),...,i(Ry) for some polygons Ry, ..., Ry,
with vertices coming from V and edges subsegment of the original edges.

Proof. By the previous theorem, the statement is true for n = 2. Assume n > 3 and that the
statement is true for n — 1. First reduce P; by P, to obtain polygons R?,..., RZ. The set of new
vertices is a subset of the original and the collection R?, ..., R%, P has shallow intersection.

Ignoring any R? for which R? C i(Ps), which means i(R?) C i(P;) we take R? ¢ i(P3). By
construction, i(R?) C i(Py), so Ps ¢ i(R?). Reduce each R} by P to obtain polygons RZ?, ..., R}
such that i(R}?) C i(R?). Since R%,..., R} had shallow intersection, the collection {R??[1 <4 <
k,1 < j < k;} has shallow intersection. In fact, these R?f also have shallow intersection with Ps, Ps.

Continuing this way we next reduce each R?f by P4 and so on to arrive at a collection Ry, ..., R,

each contained in i(P;) having shallow intersection among themselves and with Ps, ..., P,. At each
stage the union i(P;) U---Ui(P,) is preserved and the set of vertices is a subset of the original.
Using induction hypothesis obtain Ry, ..., R, with vertices from V({Pz,...,P,}) C V and
shallow intersection such that R,11 U...i(Ry,) = i(P2) U---Ui(P,).
In each stage above, the set of vertices is a subset of the original V' and the edges are subsegments
of the original edges. Together Ry, ..., R, satisfy the requirements of the statement, proving the
theorem for n and by induction for every n. O

Remark. Since the set of new vertices is a subset of the original V' and all edges are subsegments
of the original edges, the zones around each new vertex doesn’t change from the original. As a
consequence, if {P, ..., P,} is regular, then so is the new collection of polygons (the common outside
does not change from the original).

Given a collection of polygons P, the intersection graph is a graph with a vertex vp for every
P € P and an edge between vp,vg if i(P) Ni(Q) # (. If there is an edge between vp, vg, then there

is a path from any point in ¢(P) to any point in (@) that lies entirely in their union.

Theorem 4. Let P ={Py,...,P,} be a regular collection of polygons with shallow intersection and
connected intersection graph. Then all components in the complement of P have polygonal boundaries.

Proof. Since P has shallow intersection, for every j,i(P;) is unaffected by the presence of other
polygons, so it stays connected. If R is a component in the complement of P = P, U--- U P,, that
intersects some (P;), then R = i(P;) for ¢(P;) is connected and there are no paths to points outside.
Clearly i(P;) has a polygonal boundary.

Let R be a component on the outside and let V' = V(P). For x € 9R\ V, say from some edge e,
the zone has two sectors. Since x € OR, one of these sectors lies in the common outside. The other
sector lies inside some P; (that which e is a part of). Reasoning as before, there is an open segment
around x in e that is part of OR.

For x € ORNV its zone has exactly one sector lying in R by regularity. As before, two radii at v
are part of 9R. We conclude that OR is a union of disjoint polygons.

First suppose R is bounded with more than one boundary polygon. Again, we obtain polygons
@1, Q2 such that R lies between them and any path from a point in (); to a point in Q2 must
pass through R. But this contradicts the connectedness of the intersection graph. Similarly, if R is
unbounded, then it is outside all the polygons in its boundary. By connectedness of the intersection
graph, its boundary is a polygon.

Thus, all components of R? \ P have polygonal boundaries with vertices from V. O

Remark. Observe that the boundaries of components outside P are polygonal regardless of
whether P has a shallow intersection.
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4 Some more results about polygons

Let a, b be points in the plane, I, 2,3 be polygonal arcs from a to b that intersect only at the ends.
Using two of the three arcs, we form polygons Py, P>, P3, where P; doesn’t use [;. Let ni,ns,n3 be
the corresponding parity functions, calculated using a direction not parallel to any of the edges in
l1, 2,13

Lemma 5. n; +ng +n3 =0.

Proof. Take x ¢ L =11 Uly Ul3 and let R, be the ray originating from x used to compute the parity.

Suppose R, passes through a. At a, take a zone U small enough to avoid x. Denote by 71,73, 73
the radii in U induced by [y, 5, l3 respectively. The diameter d induced by R, cuts U in half. If two
of the three radii, say 71,2, lie on the same side then the contribution by a is 0 to ng and 1 to ny, ns.
Otherwise all three radii are on the same half and the contribution to each n; is 0. In both cases the
contribution to the sum is 0. The same holds for b.

If p is a point other than a,b, then it appears in exactly one of l1,ls,l3 and its zone has two
sectors. Since each [; is part of two polygons, the contribution from p is counted twice in the sum
ny(x) + na(z) + n3(z). It follows that ny + ng + ng is identically zero. O

As a consequence, every point in the complement of L is either inside exactly two polygons or
outside all three. In the zone of a, there are three sectors and it is easy to see that one of the three
sectors, say the one bounded by ro, 73, must lie outside all P;. Then the radius r; lies inside P; and
by connectedness, [ excluding a, b, lies inside P;. So, some [; \ {a,b} is inside P;.

Suppose [; lies inside P;. Bound all the polygons in a large square and take a point p outside
this square, so p € o(P1) No(P2) No(Ps3). For x € o(Py), there is a path from z to p lying outside P;.
Since [y is inside P, this path cannot intersect l1, hence Py, P3. It follows that = € o(P2) N o(P3).
Therefore, o(P;) C o(P2) No(Ps) and ny(z) = 0 = na(x) = nz(z) = 0.

Thus there are three components o(P;),i(Ps),i(Ps) in the complement of L with boundaries
Py, Py, P respectively. The zones at a, b have three sectors, one for each component. For points in Iy
other than a,b both sectors are in i(Py).

Corollary 4. With the setting as above, if ¢: [0,1] — R? is a path with $(0) € o(Py),¢(1) € i(P,)
that doesn’t intersect i(Ps), then it must intersect l3.

Proof. Because o(Py) C o(P2),¢ N Py # 0. Suppose ¢ N3 = @, then it must intersect I; \ {a,b}.
Let t; = inf{¢"1(¢ N I1)}. Since ¢(0) & i(Py), we have t; # 0. Let U be a zone of ¢(t1) € Iy, by
continuity there is an interval (tg,t2) such that ¢((to,t1)) C U.

One of the sectors of U is in i(P3) and the other in i(P). For ty < t < t;, by minimality of
t1,®(t) cannot lie on the radii in U. By hypothesis, ¢(t) cannot lie in the sector contained in i(Ps).
So, ¢(t) is in the sector that is contained in i(P;) and we can find a ¢’ < t such that ¢(t") € P,. Since
¢ Nl3 =0 by assumption, ¢(t') € I; \ {a,b} contradiction minimality of ¢;. So, ¢ N3 # 0. O

Corollary 5. Ifly,...,l, are n polygonal paths between a,b that intersect only at a,b, then the
complement of L =1, U---Ul, has n — 1 bounded components and one unbounded.

Proof. Induction. O

Lemma 6. Suppose P,Q are two polygons with P ¢ i(Q). Suppose Q N i(P) is a non empty,
connected (open) path whose ends are different. Then we can reduce P by @ in the sense that

i(P)\i(Q) =1i(R) for some polygon R.

Proof. L = QNi(P) is a polygonal arc between two points a,b € P,a # b. Let Ly, Ly be the two
paths between a, b along P. So L1, L, Lo are three polygonal arcs that intersect only at the ends and
we know that L (except for the ends) is contained inside P. Let Py = L1 UL, Py, = Ly U L.

We have i(P;)NQ = 0 because i(P;)NQ C i(P)NQ C L. So, i(P;) is connected in the complement
of @, hence inside or outside Q). Similarly i(P2) is inside or outside Q. Take z € L \ {a, b}, then the
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zone of z has two sectors, one from each i(P),i(P2) and these two sectors should also come from
i(Q),0(Q). So, one of i(Py),i(Pz) is inside @ and the other outside. Assume i(P;) C i(Q), then

i(P)\i(Q) = (i(P1) Vi(P2) UL) \i(Q) = i(P1).
So, the reduction of P by @ is the polygon P;. O

4.1 Removing singular vertices

Let P ={Py,...,P,} be a collection of polygons, V =V (P). If v € V is a singular vertex, with zone
U, then there is more than one sector in U that comes from a component C outside P.

Choose radii 71,75 such that all sectors of U lying in C' lie in a sector S determined by r1,72. Let
S to be minimal in the sense that no smaller sector in S contains all the sectors of U that intersect
C. Then the sectors in S that have ry or ry in their boundary must lie in C. We note r; # ro and
that they cannot lie inside any P;.

By assumption S ¢ C, so it contains some radii of U. In fact, there must be at least two radii in
S as if there is only one radius s, then S has two parts - sectors srq, sro. By the assumptions on C, v
at least two of the sectors in S must be in C outside P, which means that both sides of s are outside
‘P which is impossible.

As we go from r; to 7o through S, let s1, so be the first and second radii we meet before reaching
ro. The sector r1s1 in S must lie in C, therefore outside P and the sector S’ determined by s1, s9
must lie in some i(P;) because s; cannot have both its sides outside P.

Let a,b be the midpoints of s1, sy respectively. Let [ be a polygonal path from a to b that lies
entirely in S’. Form the polygon Q = av Ul U bv.

U

Figure 5: Line bv may also be removed, av is removed

For each i, by the choice of s1, s, either S C i(P;) or S’ C o(P;). Therefore, the intersection
Q Ni(P;) is either empty or the open path [ or the union [ U bv in case ss is inside P;. In the last
two cases, the end points of the intersection are different, so we may apply Lemma 6 to reduce P; by
Q@ and obtain a polygon P! (= P; when @ Ni(P;) = 0).

One side of av is outside P and the other in i(Q), so av is outside all P/, hence #(Q) is now part
of C. The set V(Py,..., P)) includes the vertices of @) in addition to the original V. At the zones of
a(b) we have three radii from [, s1(s2). So, a,b are regular. The other points of @ other than v are
regular as they have only two radii from [ in their zones.

Lastly, note that the loss of interior from P; is just 4(Q). So, anything not in i(Q) covered by P
is still covered by ¢(Py) U---Ui(P}). Therefore, if v is a regular vertex outside U, it cannot become
singular upon these reductions.

Now, shrink U to avoid [. The sectors contained in C still lie in S. Since av is removed, the
number of radii between r1,ro has reduced by at least 1. Repeating the steps above, we make sure
that S has no other radius in between, giving us one sector in U that intersects C. Repeating this
process for other sectors of U makes v a regular point.

The process terminates as there are finitely many radii and we are left with one less singular
point. Modify P in a finite number of steps so that the resulting V' has no singular points. Note that
at each stage the cardinality of P does not change.
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4.2 Jordan-like results

Let P ={P1,...,P,} be a regular collection of polygons with shallow intersection and a connected
intersection graph. In this case, V' = V(P) is the collection of vertices in P. Let C be a bounded
component outside P with polygonal boundary R (Theorem 4).

Suppose u1,us € R are distinct points. Let Lq, Lo be the two paths along R from wu; to uz. Fix
polygons R;, R3 € P that contain ui,us respectively. We may have Ry = R3. Traversing Ly from wuy
to ug gives each p € Ly a backward edge and a forward edge. In the zone of p, these edges determine
radii b, f respectively and two sectors one of which is inside R.

All other radii are in the other sector S. As we go from b to f through S, form the sequence of
sectors that lie in ¢(P) for some P € P. By shallow intersection, such P are unique. If this sequence
has just one term, then points on b, f also have the same sequence, so an open segment of R around
p also has the same associated sequence. The ends of a maximal such segment must lie in V.

So the only p € L; that can have more than one element in their associated sequence of polygons
are those from V(R) = V N R, a finite set. Now start at the sector corresponding to Ry at u; and go
through the sequence of polygons associated to points in V(R)N Ly along Ly in the manner described,
backward edge to forward edge outside R, till we reach the sector corresponding to R3 at uz. This
sequence we call S(Ly). Similarly define S(Ls) starting at u; and going to us.

Figure 6: Obtaining S(L1) Figure 7: Set up for Theorem 5

For example, in the figure above, the sequence S(L;) will contain the sectors numbered in order,
i.e., the sectors 1,2 at u; (skipping the sector lying outside the cover) then sectors 3,4 at z and so
on till sector 8 at us.

Suppose we can choose polygons Ry € S(L1), Ry € S(Ls) different from Rj, Rz (we can have
Ry = Ry4) and points ug € L1 NV (R),us € Lo N V(R) that are part of R, Ry respectively. Assume
U1, Ug, Us, Uy are distinct.

Let ¢ be a path (continuous image of [0,1]) from a point in i(R;) to one in i(R3) that lies outside
R, except possibly for the ends and if an end does lie on R, then it is u; or us. Let ¢ be a path from
a point in i(R2) to one in i(R4) with similar conditions. Furthermore, assume

+ ¢ doesn’t intersect i(Ry2),i(R4) with the exception of uq,us
« 1 doesn’t intersect i(R;),i(R3) with the exception of us,uy

Theorem 5. The paths ¢, should intersect.

Proof. Suppose they do not intersect. Assume ¢(0) € i(R1), (1) € i(R3). If ¢(0) # uq, let I be a
polygonal arc from u; to ¢(0) that, except for the ends, lies in i(R;). Note that I; doesn’t intersect
i(R2),i(R4) except possibly at u;. Extend ¢ by travelling along I; from w; till the first time we meet
¢ and from there along ¢. If ¢(1) # us, extend ¢ using a similar polygonal arc I3 from us to ¢(1).

Since the open segments of 1,3 lie inside R;, R3, they cannot intersect 1. So, ¥ cannot intersect
the extension of ¢, which we continue to denote by ¢. Even after the extension, ¢ lies outside R
except for the ends and the ends are ui,uz because lq,[l3 can intersect R only at wu,us respectively.
Furthermore, ¢ continues to not intersect i(Rz),4(R4) except possibly at uy,us.
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Let d > 0 be the distance between (the extended) ¢ and ¢ and e = min{d, |uy — ug|}. Around
uq, take a zone of radius < €/2 and a radial line 1 from u; to a point & € ¢ in this zone. Note
that z # ug is outside R and does not lie in any sector corresponding to i(Rz),4(R4). So, the line rq
doesn’t intersect i(R),i(Rz2),i(R4) except possible at u;. Similarly, take a line r3 from ug to a point
y € ¢ that doesn’t intersect i(R),i(Rz),i(R4) except possible at ug.

Let ¢’ be the restriction of ¢ between x,y. Note that x # y by the choice of e. We know that ¢’
lies outside R and is at a distance of some p > 0 from the closed set i(R2) Ui(R4). Approximate ¢’
within min{e, 4} by a polygonal arc P that lies outside R.

Let @ be the polygonal arc r; + P + r3 from u; to us. We make the following observations

e @ lies outside R except for the ends uq,us which lie on R
+ @ doesn’t intersect i(R2),i(Ry) except possibly at uj,uz. In particular Q Ni(Ry) = QNi(Ry) =0
« By the choice of €,7 doesn’t intersect r1,r3 and P, hence it doesn’t intersect Q

Extend ¢ similar to ¢ using polygonal arcs lying in i(Rg),i(R4) to get a path from wus to uy.
Since @ doesn’t intersect i(Rg),i(Ry4) and u; are distinct, ) doesn’t intersect this extension of .

The paths L1, Lo, Q) are all polygonal arcs between uq, us that intersect only at the ends and @
lies outside L1 U Ly. We may assume that Lo is inside L; U Q. The zone of u4 has two parts, one
lying in ¢(R) and the other in (L2 U Q), and 1 enters the second sector. Similarly, us has two sectors
in its zone and 1 enters that sector lying outside Ly U @ (the other is inside R). By Corollary 4, ¢
should intersect () which is a contradiction. O

The main idea of the proof is to use Corollary 4. We can extend the result using a few assumptions.
If ¢ doesn’t have uy as an end for example, then the extension of ¢ must start at u; and enter i(R;).
At the same time, if 1) doesn’t have us as an end, then the extension of 1) must start at us and enter
i(R2). It is easy to see that, in this case, we can deal with u; = ug, because of the order in S(L;)
which allows the use of Corollary 4. Similarly, we can have

e u; = uyq when ¢ doesn’t have u; as an end and 1 doesn’t have u4 as an end
e u3z = uy when ¢ doesn’t have uz as an end and 1 doesn’t have us as an end etc.

An extreme case is u; = us = uq when ¢ doesn’t have u; as an end and v doesn’t have uo, uy as its
ends. However, the proof doesn’t apply directly to the case when all u; are the same, because to
construct L1, Lo we need u; # ug. Although, such an extension can be similarly proved by looking at
the sequence of polygons at u; and assuming that the R; come in the appropriate order : R between
R4, Ry and Rs between Ry, R3. We will need ¢, to be outside R and the rest carries through.

5 A theorem about arcs

Suppose we have points a,b in the plane and arcs ¢1,¢o from a to b that intersect only at a,b.
Set Iy, I to be [0,1] and suppose ¢;: I; — R? with ¢;(0) = a,¢;(1) = b,i = 1,2. Since ¢ is a
homeomorphism, ¢; and its inverse are uniformly continuous. Fix ¢ > 0, and choose § > 0,e > ¢ >0
such that

[t —t2] <30 = |p1(t1) — P1(t2)] <€

|p1(t1) — P1(t2)| < € = [t1 —ta] < 0.

5.1 A special covering

At a,b take open squares with disjoint closures and diameter < €. For t € (0, 1), pick an open square
of diameter < € around ¢, (¢) whose closure doesn’t intersect ¢o. By compactness of ¢; obtain a
finite open subcover.

We refine this cover in a series of steps. At each step we ensure that there are unique polygons
Tl,TQ such that a € Z(Tl),b S Z(TQ),Z(T1> N Z(TQ) == @ and if ¢2 N ’L(P) 7& @, then P = Tl or P= TQ.
This is true for the cover we are starting with.
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1. If v is a singular point, then v ¢ ¢, for otherwise, v lies inside some polygon P which means that
no sector in the zone of v is outside the cover which is a contradiction. So, take a zone of v that
avoids ¢1. While making v regular, the modifications happen inside this zone, so ¢; will remain
inside the polygons and we have an open cover of ¢;.

If the original collection was {Pi,...,P,},Ty = P;,To = P,, then each P; is replaced with a
P! i(P!) Ci(P;). It is easy to see that T} = P|,T> = P}, after making v regular. Similarly remove
other singular vertices. At each stage we can find suitable T3, T5.

2. Remove redundant polygons to arrive at a minimal cover {P,..., P,},T1 = P;,T> = P,. Note
that Ty,T, cannot be redundant. Now if P; C i(P;), then ¢(P;) C i(P;) and P; is redundant,
so no P; C i(P;). Take the collection Ps,...,P,_1 and apply Theorem 3 to obtain a collection
Rq,...,Ry. Now i(R;) C i(Py) for some 2 < k <n—1,so mﬁqb = 0.

3. So, we have the collection {Py, Ry,...,Rp, P,}. We cannot have P; C i(R;) and remove any R
for which R; C i(Py). So we may take R; ¢ i(P;),1 < j < m. Reduce (Theorem 2) each R; by
Py to get a collection {Py, R},..., R, P,}.

4. As in Step 3, reduce each R’ by P, to get a collection {Py, RY,..., Ry, P,}. The sets i(Py),i(Pn)

are unaltered and ¢(P;) Ni(P,) = (. The union Ui(P;) D ¢ is preserved and the collection has
shallow intersection.

Furthermore, for any i, there are j,k,2 <[ <n — 1 such that

i(RY) Ci(R)) Ci(Ry) Ci(P) = ¢2Ni(R]) = 0.

So, we can take Ty = P;,T5 = P,. For the sake of convenience let this collection be P =
{Py,...,P,} and set V =V (P).

Lastly, we make sure that if two polygons intersect, then the intersection contains points of ¢;.
For polygons P, Q) with shallow intersection, the intersection of edges e € P, f € @ is either a point
(short intersection), or a closed segment (long intersection). Henceforth short and long intersections
refer to those that don’t contain points of ¢;. This is a two step process.

First we make sure that long intersections have points of ¢;. Then we look at short intersections
in PN @ not part of any long intersection in P N (. Henceforth, short intersections refer only to this
specific type. The notion of short intersection now depends on the polygons P, Q for e N f may be
short in P N @, but not in P’ N Q’ for some P’,Q’. The zone of a short intersection v € PN Q has 4
radii, 2 from P and 2 from Q.

Figure 8: In the adjacent figure, the intersection g N g is a long
intersection. The vertex v = e N f is a short intersection when
considered as a point in M; N My, but the same vertex is not a
short intersection in M7 N M3 and My N M3 because it appears in
the long intersections g N g, h N h respectively.

Removing long intersections:

Consider edges e € Py, f € Py, where P;, P, € P are arbitrary, and suppose e N f is a long
intersection. The ends of e N f are in V' and since one side of this segment lies in ¢(P;) and the other
in i(P2), by shallow intersection, there is no point of V' in e N f other than the ends.

Around e N f take a rectangle R with one side parallel to e such that i(R) is disjoint from

. ¢1 and

+ edges ¢/ € P with e’ Nen f =0 and
« V\en f,sothat VNi(R)=Vnen f Ci(R).

This is possible because e N f is compact, so we take a finite cover by squares with one side parallel
to e and then take a “minimum height” rectangle. The initial cover of e N f is one that avoids edges
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v-..__‘¢2

Figure 9: Example of a special covering

of P that don’t intersect e N f and ¢1 U (V' \ (e N f)). Such a cover exists by the assumptions on P
and eN f.
Now VN R=V NenN f has 2 elements, so R does not contain any P € P. We have

enf Ci(R) = i(R)Ni(P) # 0,i(R)Ni(Ps) # 0

so by shallow intersection R € i(P) for any P € P. Reduce (Theorem 2) each P € P by R giving us
in place of P, a shallow union of some polygons. We show that each reduction gives one polygon.

Q

R

Figure 11: Removing long intersection e N f  Figure 12: Removing short intersection v € Py NPy

Number of polygons doesn’t change:

P, Ni(R) is a connected path (involving 3 or fewer segments) and divides R into polygons Ry, R’/
with i(Ry) C i(Py1). By shallow intersection P»Ni(R) C i(R’). By Lemma 6, P, Ni(R) divides R’ into
3 or fewer polygons Ra, R3, Ry with i(Ry) C ¢(P2) where R3, R4 may be degenerate, i(R3)Ni(R4) = 0.
At each end of eN f, there is one sector each for Ry, Ry and one for R3 or Ry.
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For P € P, if PNi(R) = () the reduction by R doesn’t change P, so assume P Ni(R) # @), then
we must have PNeN f 0. If en f C P, by shallow intersection P = Py or P = P, and it is easy to
see that RN i(P) is a connected path.

For P # Py, P>, PNeN f contains only the ends of eN f. At each point of PNeN f, there are two
segments induced by P and both must be in i(Rs3) or i(R4) by shallow intersection. The reduction of
P by R happens in two steps - by Rs, Ry separately. Observe that RsNi(P), Ry Ni(P) are connected
in the step-wise reduction. After reducing by Rs for example, R4 Ni(P) doesn’t change.

In both cases, by Lemma 6, the number of polygons doesn’t change. Each P € P is replaced by a
P’ forming a collection P’. Similar to step 1, we can find T3, T5.

Regularity:

P’ covers ¢ because RN ¢; = ) and has a shallow intersection because the interiors have shrunk.
So V(P') = V" is the collection of vertices in P’ and consists of points of R that lie in i(P;), P; € P
and points of V outside R. As a consequence i(R) is now in the common outside.

e Because R can intersect only those edges that intersect e N f, any edge intersecting R must go
inside R. If € R lies on an edge of P;, then x ¢ V by construction of R. Its original zone had
one diameter and now contains a radius on either side introduced by R. After reducing P; by R,
the sector that was in ¢(R) is now in the common outside and the new zone has three sectors, with
two radii from R and one from half of the original diameter.

« If z € R lies inside P;, then its original “zone” (a ball around z that lies inside the polygon will
do) had no radii and the new zone has two.

The other points of V' are points of V outside R. If z is such a point, then the zone of x is unaltered
because the line segments passing through x are unaltered (for they are outside R). Note that any
loss of interiors comes from i(R), so the sectors at 2 do not change their parity. So, P’ is regular.

Number of long intersections:

Every long intersection in P’ must come from a long intersection in P because the new edges of
P’ lie inside polygons of P and cannot have long intersections by shallow intersection of P.

Suppose eq, f1 are two edges in P such that e; N fy is long. If e; N f; C i(R), then by the choice
of R, we have e; N fi = eN f, which is removed. If e; N f; C o(R), it is unaffected and is a long
intersection in P’. Lastly, if e; N f1 enters R but not contained in it, then one end of e; N f; is an
end of eN f and the other is outside R. Because i(R) is a convex shape, e; N f1 \ i(R) is a connected
closed segment, so e; N f1 gives rise to exactly one long intersection in P’.

Thus, the number of long intersections has decreased by 1. Repeating this process, we arrive at a
collection P such that ¢ C Upecpi(P) with shallow intersection and every long intersection of edges
having points from ¢;. At each step, we can find T3, T5.

Removing short intersections:

Suppose v = eN f is a short intersection for edges e € Py, f € P5. Let U be a zone of v € V that
avoids ¢1. In U, the sectors that lie inside Py, P, are disjoint and since v € V' one of them must be
convex. Without loss of generality, assume the sector in i(P;) bounded by radii r1, 72 is convex. Join
the midpoints of r1, 75 to get a triangle @ contained inside i(Py).

Reducing P € P\ {P;} doesn’t change it as i(Q) Ni(P) = (). Reducing P; by Q gives it two
vertices in place of v. As before, these vertices and those outside U are regular. The component i(Q)
is either a new component outside, or it merges with some other component outside all P (depending
on whether the other side of r; is inside or outside P). In either case, v stays regular. So, after
reduction, points in V(P) UV (Q) are regular.

Thus, upon reducing P by @, we have a regular polygonal cover (by the choice of U) of ¢1 with
shallow intersection. Moreover, any long intersection is a subsegment of one in P and, by the choice
of U, contains a point of ¢;.

The zones of a, b have two or three radii, so they cannot be short intersections. Moreover, v is
no longer a vertex of the reduced P; as there is a ball around v that doesn’t intersect i(Py) \ i(Q).
Thus, the number of short intersections has reduced by 1 as v € P; N Ps is no longer an intersection
in the new collection. Again, since the number of polygons hasn’t changed, we can find T}, Ts.
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This process terminates and we obtain a regular P containing ¢; in its shallow union and if
PNnQ #0,P,Q € P, then PN Q (in fact, every component of P N Q) contains a point of ¢;.
Furthermore, there are polygons T7,T5 as described in the beginning.

5.2 Consequence of the special covering

Suppose we have the covering P = {Py,..., P,} as above and C is a bounded component outside P.
Let Q1,...,Qk be the polygons that intersect the polygon R = 0C'. To each @;, by minimality of
the cover, we have the interval [a;,b;] C I; where qa; is the first time ¢, intersects ¢(Q;) and b; last.
By the refinement in the last subsection, if Q; N Q; # 0, then [a;, b;] N [a;,b;] # 0. At each step of
the refinement the diameter never increased, so b; — a; < 9.

Suppose in P, the polygon P; contains a and P,, contains b, i.e., P; plays the role of 77 and P, that
of T,. We know that i(P;) Ni(P,) =0 and ¢o Ni(P;) =0,2 < j <n—1. Now, i(Pr) N2,i(P,) N2
are two non empty (because they contain a,b) disjoint closed sets in ¢o. Because ¢ is connected,
there is an s € (0,1) C I such that ¢a(s) ¢ i(P1) Ui(P,), hence it is outside P, in particular outside
le R Qk

Set

«a = min a;, 8 = max b;.
1<i<k 1<i<k

Look at the path ¢ («) LZNAEZR ¢2(s). The first part, i.e. ¢1(a) 1, 4 intersects U;i(Q;) only at

¢1(ev) by definition, hence intersects R at most once. If the second part, i.e., a 22, ¢2(s), intersects
R, hence any of the i(Q;), then, by construction of P, that Q; = T} and we must have a = 0.

Since ¢2(s) ¢ R, we can obtain a subpath, or more properly sub-arc, not intersecting R, except
possibly at one end. This arc, 97, goes from some Q; to ¢2(s). By the arguments in the preceding
paragraph, 11 can intersect only those #(Q;) which contain ¢; (cv).

Next, using the path ¢1(5) 21 p 22 ¢2(s), obtain an arc ¥ not intersecting R, except possible
at one end and intersecting only those i(Q;) that contain ¢;(5). Then the arc ¢ = 1)y U1} goes from

a point in some i(Q);) to one in i(Q;) and intersects only those ¢(Q;) that contain ¢1(a) or ¢1(5).
If ¢2(s) € o(R), then the path ¢ (except for the ends) must also lie outside R.

W/b

Figure 13: Set up for Lemma 7, only the necessary polygons are drawn

Lemma 7. § — «a < 36.

Proof. Choose polygons Ry, R3 from Q1, ..., Q) with associated intervals [, o], [, 5] respectively
where o/, 3’ are chosen so that o’ — a, 3 — 3’ are maximal. The ends of v are in these polygons, say
¥(0) € i(R1),¥(1) € i(R3). If ¥(0) € R, take u = 1(0), otherwise take u to be a vertex of R; in
V(R). Similarly, if ¢)(1) € R, take v = (1), otherwise take it to be a vertex of R3 in V(R).

If u = v, then these intervals should intersect (they may even be equal) and it follows that
B —a <26 < 35. So, assume that v # v and that [, /] N[, 5] =0
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Let the two paths from u to v along R be L1, L. Starting at u traverse the sectors in the sequence
S(L1) (with ends Ry, Rg), till the first point in V/(R) N L that has a polygon Ry with [a;, b;],b; > o'.
Going along Lo, arrive at a point in V(R) N Ls that has a polygon R, with interval [a;, b;],b; > o'.

By the maximality assumption, we must have a;,a; > «. As we move sequentially from R;, each
polygon shares an edge or vertex with the previous one, so their intervals intersect. Therefore, we
must have a;,a; < /. If b; > ' (or similarly b; > ('), then

B—a=p—b;+b;,—a; +a; —a<36.

So, assume b;,b; < 8’ and without loss of generality, assume b; < b;.

|
A
ax bx
—
ay by
!
B B

Figure 14: Example

For example, in the figure above, we traverse the sectors from u to v according to the numbering,
i.e., sectors 1,2 at u, then 3,4 ar = and so on until we reach sector 4 which is in the polygon Y whose
associated interval is the first to go beyond [« o']. Notice that in the sequence each polygon shares
an edge or vertex with the previous one. S

Let ¢’ be the restriction of ¢; to [b;,b;]. By assumption, ¢’ doesn’t intersect i(Ry),i(R3). If
¢ N Ly # 0, then let = be the last time (while going from b; to b;) that it hits L;. By compactness,
¢1(x) € Ly and by assumption ¢1(z) # u,v. Otherwise, set = b;.

Next, if ¢ N Ly # ), then set y to be the first time it hits L, while going from z to b;. Again,
¢1(y) € Lo, hence ¢1(y) # u,v. Otherwise set y = b;.

This way we obtain a path ¢, given by the restriction of ¢, from a polygon R/ with a vertex in
L, to a polygon R/, with a vertex in Lo, say ¢(0) € i(R}), ¢(1) € i(R}). Take us = ¢(0) if ¢(0) € R,
otherwise take it to be a vertex of R in V(R). Similarly, take uq = ¢(1) if it is in R, otherwise take
it to be a vertex of R} in V(R). Note that R}, R} are different from Ry, R3. Observe

1. Both ¢, ¢ lie outside R and the ends may lie on R or outside. We assumed % is outside, but ¢ is
outside by definition of R. If the ends do lie on R, then it is u, v or ug, uy respectively.

2. By assumptions on b;, b;, ¢ doesn’t intersect i(R1),i(R3). In particular, ¢ cannot have u or v as
its ends.

3. 9 intersects only those i(Q;) that contain ¢;(«) or ¢1(3). Neither i(R}),4(R)) have these points
by the maximality conditions on o/, 8" so 1 doesn’t intersect i(R}),4(R}).

4. By 3, if ¥(0) = u (¢(1) = v), then R}, R} cannot have u (v) as a vertex.

5. Lastly, note that ¢, do not intersect

We are in a position to apply Theorem 5 and its extensions and we have a contradiction. Therefore,
one of b;,b; is larger than 8" and we conclude that 5 — a < 34. O

Theorem 6. Suppose ¢1,¢2 are two arcs meeting only at the ends a,b. Let B be a circle or a polygon
such that ¢1 U ¢o C i(B). Suppose there is a point ¢ € ¢ \ {a,b} with a path ¢ going from ¢ to a
point outside B such that ¢ N g1 = 0. Then given any x & ¢1 U ¢a, there is a polygonal cover P (with
each polygon inside B) of ¢1 such that x is in the unbounded component of R? \ P.
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Proof. Let 4e = infcy, |z —y| > 0. Take €’,d as above. With ¢, defined as above, around each
point of ¢, take open squares such that

» Each square has diameter < €.

 The closure of inside of each square is inside B (possible because ¢1 C i(B)).

+ The closure of inside of each square is disjoint from ¢ (possible because ¢ N ¢ = @), in particular c.
* a,b are in different squares whose interiors have disjoint closures.

From this cover obtain a finite subcover S. Refine S and obtain a special covering P. Now c is in the
unbounded component of P because o(B) is in the unbounded component of P and we have a path,
namely ¢, going from ¢ to o(B) avoiding P. Notice that ¢ avoids the squares in S and P is obtained
by shrinking these squares, so ¢ avoids P as well. It is clear that each polygon in P is inside B.

By the choice of €, ¢,z is outside P. Suppose z is in a bounded component C (outside P)
with boundary polygon R. Continuing with the notation above, let Q1,...,Qx be the polygons
surrounding R and [a;, b;] be the interval associated to @;. By the lemma 8 — a < 3§ where «, 3 are
as defined above. Because c is in the unbounded component in the complement of P, ¢ € o(R) and
the lemma is applicable.

Now, pass a line through x and let p1, p2 be the first time the two rays hit R (so x is between
p1,p2). Since z € i(R), both rays must hit R. Suppose p; € Q1. Since @1 contains a point of ¢ and
has diameter less than ¢/, we know that p; is within € of some ¢; € ¢1. Similarly, ps is within € of
some ¢g € ¢1. Since S — a < 39, we have |g1 — ¢2] < € and

|p1 — p2| < € +ete <3e
Since z is on the line segment between p1, po, it is a convex linear combination of p,ps. So,

|z —qi] < |z —pi| + |pr — @] < |p1—p2| + [P — @1 <4€$0<yien£ |z —y| < 4e.
1

This contradicts the definition of 4¢, therefore x must be in the unbounded component in the
complement of P. O

6 Arcs in discs

Let D be the open unit disc and .J: [0, 1] — R? be an arc such that J(t) € DV¢ € (0,1) and J(0), J(1) €
S1. We will show that D\ J has two components, determined by the arcs of S*\ {J(0), J(1)}, with
common boundary J.

6.1 Separation theorem

Let Ay, As be the two arcs of S\ {J(0), J(1)} and take ¢ € A;,d € Ay. Suppose there is a path ¢
from ¢ to d in D that avoids .J. Let € be the minimum distance between ¢ and J. Approximate ¢ by
a polygonal path P within € so that P C D (D is convex, so this is possible). Draw tangents at ¢, d
to S'. If they do not intersect, then use a perpendicular line outside S* to join them. This way, we
get a polygonal path between c, d lying outside the circle. Together with P we have a polygon Q.

It is easy to see that J(0) for example, has a ray going outside the circle that touches @ exactly
once and is therefore inside ). However, J(1) has a rays going outside the circle that do not intersect
@ and is therefore outside. Since J is a path going from inside @ to the outside, it must intersect Q.
Because J is inside the disc it must intersect P which is impossible by the choice of €. Therefore,
¢,d, hence Ay, Ay, are in different components of D\ J.

6.2 Exactly two components

Let z € D\ J. Fix a ¢ € A; and take a normal to S* going outwards at c. The arcs J, A; meet only
at the ends (taking the closure of A;). Applying Theorem 6 (taking B to be a circle of radius 2
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centred at the origin for example), we obtain a polygonal cover P such that z is in the unbounded
component in the complement of P.

Then, there are paths from z to points far outside the circle that avoid P and hence J. Since
x € D, any such path must pass through S' and therefore A; or A,. Thus, 2 is in the same component
of D\ J as A; or Ay and D\ J has exactly two components.

6.3 Boundary

We have two components, C7,Cy corresponding to A;, A respectively. We will show that J is part
of the boundary of C. First, J(0), JJ(1) € dCy,dCs because any neighbourhood of both these points
intersects A1, Ao and 9C1,0Cs are closed.

Lemma 8. Let R C R? with Int(R), Ext(R) # 0, then any path from Int(R) to Ext(R) intersects
OR.

Proof. Suppose ¢: [0,1] — R? is a path from z = ¢(0) € Int(R) to y = ¢(1) € Ext(R). There is a
neighbourhood around x that lies in Int(R), hence a ¢t > 0 such that ¢([0,t)) C Int(R). Take

to = [souﬁ{t :¢([0,t)) C Int(R)}.

If ¢(to) € Int(R), then ty # 1 and we can increase to. If ¢(tg) € Ext(R), there is a t < tg such that
o((t,to)) € Ext(R). Both contradict the definition of tg, hence ¢(ty) € OR. O

By this lemma, we conclude that OR disconnects Int(R) from Ext(R).

Corollary 6. Let R C R? with Int(R), Ext(R) # 0. Suppose there is a path from x € Int(R) to
y € Ext(R) in (R2\ OR) U S for some subset S of the plane. Then SN OR # 0.

Suppose x € J is not in dC;. Then there is a neighbourhood of x in J that is not in 9C;. We
will show that adding this neighbourhood to D\ J connects C;,C,. Essentially, we want to show
that if J' = J([0,1]\ (t1,t2)), then D\ J’ is connected, where 0 < t; < t5 < 1.

Around each point of J; = J([0,1]) take open squares whose

* closures avoid Jy = J([t2,1]) and
e for 0 <t < tq, the closure is contained in D.

Obtain a finite subcover S of J;. In S, there is only one square that intersects S'. We now remove
singular vertices in such a way as to obtain a cover of J; by polygons P such that

« The boundary of polygons in P do not intersect Js.
« Every point of J; lies inside at least one of the new polygons.
+ Only one polygon intersects S! at exactly two points.

This is true for §. Now the vertices that can be singular are inside C, as only one square in S
goes outside, so points outside are regular. Since we are going to shrink the polygons, it is clear that
the boundaries of the resulting polygons do not intersect Js.

Given a singular vertex v, if v € J, then take a zone that lies inside one of the polygons, else
take a zone that avoids J;. Ensure that the zone lies inside the circle. Since the new edges and the
consequent loss of the interiors happen inside this zone, the new edges do not intersect the circle and
Ji stays inside the polygons. The intersection with S! still has the original two points.

Since Ji is connected, the intersection graph of (the modified) S is
connected. So the unbounded component of S has a polygonal boundary
P which has edges going into the disc . Since every point of J; lies
inside some @ € P, PN J; = (). By construction P N Jy = 0.

In P there is exactly one polygon that contains J(0) and hence I
intersects Ay, As. We know that there are edges of P that go into I, so %

C

Figure 15: J C 9C; N 9Cy
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these edges give a path from a point in A; to one in A, that lies entirely
in D and avoids J; U Js.

It lies entirely in D because PN.S! has only two points. So, D\ (J;U.J5)
is connected, therefore J((t1,t2)) N OC; # B. Furthermore, this path
along P must intersect J((t1,t2)) and the first point of intersection is
then arcwise accessible from Aj.

We conclude that J C 0C1,9C5 and that any open segment of J has
a point accessible from Aq, i.e., an  with an arc from a point in A; to
x that avoids J \ {z}.

7 Jordan curve theorem

Let J be a Jordan curve. Since J is bounded, it is inside a circle C. Take two different points on
J and extend the line between them to a chord of the circle. We can talk of the “first” and “last”
points on this chord, which corresponds to the points of J that lie farthest apart on this chord. Let
these points be a,b and the ends of the chord ¢, d with a being between ¢, b and b between a,d. The
line segments ca, bd are disjoint and acNJ = {a},bd N J = {b}.

The curve J, being homeomorphic to S, gives us two arcs from a to b. Together with the
segments ac, bd, we get two arcs Ji,Jo from ¢ to d. They intersect only on the segments ac, bd.
Denote by ¢1, ¢2 the open arcs from a to b induced by J. Let the arcs of C'\ {¢,d} be A, As.

For = € ca,x # a,c, there is a ball U around z that avoids J and the line segment bd. Because
UnN(J1UJ3) =UnNacis a diameter in U, U \ (J; U J2) has two components. Around ¢, there is an
open ball that avoids J, bd. This ball has three components of which one lies outside the circle C.
We see that all three parts are connected in the complement of J; U J,. Similar results hold true for
points on bd different from b.

7.1 At least two components

In D\ J; let the components of A, Ay be Oy, Cy respectively. We know that ¢o is connected in
D\ Ji, so ¢ must lie in one of these components, say Cy. Now, a point of ¢; is accessible from A;
so this path, say ¢, therefore lies in C;. So, ¥ N ¢ = ) and 1y N Jo = () giving us » C D\ Jo.

In D\ Jo, let the components corresponding to Ay, Ay be Dy, Dy respectively. Since ¢ is a path
in ﬁ\ Jo, a point of ¢q is in Dy via ¢. We conclude that ¢; C Dy as ¢, is connected in ﬁ\ Jo.

Similarly, we have C; C Dy and Dy C Cs. For x € ¢1, choose an open U such that x € U C D;.
Since ¢; is contained in the boundaries of C7, C5, this neighbourhood has points from both C, Cs.
In particular, U has a point from Cy N Dy, so Co N Dy # (). Note that C;1 N Dy = 0 as C; C Dy.
Thus,

E\ (Jl U JQ) =Ciu (CQ ﬁDl) U Ds.

Figure 16: J inside C'

Let x € C3; N Dy and suppose ¢ is a path from x to a point y € C' that avoids J. If ¢ goes outside
the circle C, look at the first time it hits C' (since z is inside, it must hit C' at least once). With this
as our new y, we may assume that ¢, except for y, lies inside C.
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Case 1: y € A

Since ¢ € Cy and ¢ is inside C, we have ¢ N J; # (. Since ¢ NJ = (), it must intersect one of
ca,db, say ac. Let z € ac be the first point of intersection. By the choice of y, z # c.

Parametrize the restricted path by [0, 1] with ¢(0) = x, ¢(1) = z. Take a ball U around z, disjoint
from J and a t; < 1 such that ¢(¢1) € U. By the choice of z, for any ¢t < 1,¢(t) ¢ J; and since
o(t) ¢ J, we have ¢(t) ¢ J1 U Ja. Let ¢’ be the restriction of ¢ between z, ¢(t1).

U\ (J1UJz) has two components that lie inside the circle, say Hq, Ha. Because z € 9C1 NOC5, one
of these lies in C and the other in Cs, say Hy C Cy. Because C7 C Dy, we have Hy C Dy, Hy C Ds.

If ¢(t1) € Hy C C; or ¢(t1) € Ha, then ¢’ must meet Jy, Jo respectively, which is impossible.

Case 2: y=c

Take a ball U around y that avoids J, bd. As mentioned above, U \ (J; U Jz) has three components,
of which one lies outside C. Parametrize ¢ by [0, 1] with ¢(0) = z,#(1) = y and pick a ¢ < 1 such
that ¢(t) € U. We know that ¢(¢) must either be on the radius of U induced by line ac, or in one of
the two components of U \ (J; U J3) inside C.

If it lies on the radius, then ¢ intersects ac and we continue as in case 1. If it lies in one of the
other components, then as in case 1, ¢(t) is in Cy or in Dy which also impossible.

All other cases, i.e., y € As,y = d can be treated similarly. We conclude that there is no path
from z to a point in C' avoiding J.

For z € (' there is a path from x to points on A; avoiding J;. Since ¢ € Cs, such paths also
avoid ¢9 and hence J. Similarly, for points in D5, there are paths to As that avoid J. Lastly, for
points on ac, bd different from a, b the line itself is a path to the circle that avoids J.

So, we have the “inside” of J which is the set Co N D; and the “outside”, which is everything else
in the complement of J. Fix a point p outside the circle C. If x is on or outside the circle, there is a
path from z to p avoiding the inside of C' and hence J. If x € C; U D5 or « € acU bd, x # a, b first
go to C and then to p. So, the outside of J is path connected.

Let i(J) denote the inside and o(.J) the outside. We have shown above that there is no path from
a point in i(.J) to one in o(.J) that avoids .J, so R? \ J has at least two components.

7.2 Boundary

Next, we show that all components in the complement of J have J as the boundary. Since the
boundary is closed, it suffices to show that all components have ¢; U ¢5 as the boundary. For points
in ¢, take neighbourhoods that avoid ¢5. We know that these neighbourhoods contain points from
(Y4, hence from o(J). It follows that J = do(J).

Let z € i(J) and y € ¢1. We will show that in any neighbourhood of y, there is a point that is
accessible from the component C, of x in the complement of J. Then y is in the boundary of this
component.

Parametrize ¢; by (0,1) with }1_1}(13 d1(t) = a, tlgx% ¢1(t) = b. Suppose ¢1(t1) =y and t1 € (to,t2) C
(0,1). We have arcs l; via ¢1 and Iy through ¢o between points a3 = ¢1(tg), b1 = ¢1(t2).

Some point z in the open [; is accessible from Aj, through some arc 4. This arc doesn’t intersect
J, hence ly. We can apply Theorem 6 (with B = C) to conclude that there is a polygonal covering P
of I3 such that z is in the unbounded component in the complement of P. Thus, there are polygonal
paths from z to any point outside the circle avoiding P and its inside, hence avoiding Is.

Let ¢’ be one such path. We chose x € i(.J), so ¥’ must intersect .J. Since it cannot intersect Iy,
it must intersect the open I1. Suppose ¢’ is parametrized by [0, 1] with ¢/(0) = . Let t3 > 0 be the
first time 1 intersects (closed) l1, then observe that

' ([0,t3)) N J = 0.

Therefore, 1|[g 4, is a connected path in the complement of .J, hence lies in C. Since 9'(t3) € Iy,
it follows that the neighbourhood ¢1((to,t2)) of y has points accessible from C, and from o(J) which
lies exterior to Cj.

We conclude that y € C, and that any neighbourhood has a point (arcwise) accessible from x.
It follows that ¢1, ¢2 and hence J are in the boundary of C,. Since 0C, C J, we have J = 0C,.
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7.3 Two components

This subsection is based on [4]. So far we have shown that if J is a Jordan curve, then R? \ J has
one unbounded component, o(J) and bounded components in i(J). We know that all components
have J as the boundary. All that is left is to show that there is exactly one bounded component.

Lemma 9. Let 1,72 be two Jordan curves. If

Y2 Ni(y1) # 0 and y2 No(y1) # 0,

then
Y1 Ni(y2) # 0 and y1 No(y2) # 0.

Proof. First take & € y2Ni(y1) and y € v2No(7y1). Choose neighbourhoods Uy, Uy, of z, y respectively
such that U, C i(y1),U, C o(y1). Observe that U, N U, = 0.

Since x, y are in the boundary of every component of the complement of 7,, pick 2, € Uy, 20 € Uy
that lie in the same component. There is a path from z; to zo that avoids ~,. Since z1 € i(y1),22 €
o(71), such a path intersects 7;. However, this path is in a component of R? \ 7y, therefore 7,
intersects every component in the complement of 5. O

Take p € ¢(J) and draw two rays through it. Both rays intersect
q J because p € i(J) and J is bounded. Let p’,p”,p’ # p” be the first
points of intersection. Let ¢’ € ¢1,¢"” € ¢ be accessible from A, Ay
21 respectively, say there is an arc from z; € A; to ¢ and 25 € A5 to ¢”.
v Fix a g outside the circle and take disjoint polygonal paths to z1, 2o
p outside the circle.
Together we get the Jordan curve J' : ¢ = 21 - ¢ —p — p —
q p" = q" — 29 — q. Since p € i(J),q € o(J), by the lemma above, J’
must intersect every component in the complement of J. However, by
%y the choice of p’,p”, the p’ — p — p”’ arcs lie in the component of p and
the other arcs lie on or outside J. So, there can be only two components,
Figure 17: Constructing J/ that of p and the outside of J. In particular the inside of J,i(J) is a
connected open set.
In conclusion, R? \ J has two connected components, one bounded and the other unbounded,
both having J as the boundary. This completes the proof of the Jordan Curve Theorem.

8 Epilogue

In this article we have given proofs of some intuitive results on finite collection of polygons. Using
these results, we proved certain theorems on arcs in the plane which we later used to give a proof
of the Jordan Curve Theorem. However, unlike most other proofs, we did not need the complete
Jordan Arc Theorem. What we used was a special case when the arcs are parts of Jordan Curves.

Using stronger approximation theorems, we may approximate an arc with a polygon and then
envelope this polygonal arc to prove the connectedness of the complement. Proofs of the arc theorem
can be found in the references listed.
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